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Introduction

In this presentation, we consider the following problem (NS):

ou—LAu+ (u-Viu+Vp=0 in R™ x (0, 00),

divu=0 in R™ x (0, 00), (NS)
u(z,0) = uo in R™,
where u (z,t) = (u' (z,t),...,u" (z,t)) and p (z,t) denote the unknown

velocity vector and the unknown pressure of the fluid at the point
(z,t) € R™ x (0, 00), respectively, while ug is the given initial velocity vector.
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Introduction

We consider two type of solutions of (NS)

Definition (Leray-Hopf Weak solution)

Let up € L2. A function u € L>°(0,T; L2) N L2(0, T; H}) is said to be a Leray-Hopf
weak solution of (NS) on (0, T) if

T
= 0, 5 0) + (Tu(t), To(e) + ((ult) - Vyu(e),v(e)] de
0 . (1)
= (up, 5(0)) + /0 (F(8), (1)) dt

forallv € C§°([0,T) x R™)™ with divv = 0.
u is weakly continuous in L2 on [0, T').

The existence of Leray-Hopf weak solution is well-known: for an arbitrary ug € L2,

(NS) possess a weak solution u(t) on [0, T for all T > 0 (Leray (1934) / Hopf for a
bounded domain (1951) when n = 2, 3).
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We consider two type of solutions of (NS)

Definition (Leray-Hopf Weak solution)

Let up € L2. A function u € L>°(0,T; L2) N L2(0, T; H}) is said to be a Leray-Hopf
weak solution of (NS) on (0, T) if

T
/ [ (u(®), ve (1) + (Vu(t), Vo(t) + ((u(t) - V)u(t), v(t))] dt
0 . (1)
= (w0, 0(0) + [ (F(),0(0) a
forallv € C§°([0,T) x R™)™ with divv = 0.
u is weakly continuous in L2 on [0, T').

The existence of Leray-Hopf weak solution is well-known: for an arbitrary ug € L2,
(NS) possess a weak solution u(t) on [0, T for all T > 0 (Leray (1934) / Hopf for a
bounded domain (1951) when n = 2, 3).

The uniqueness and regularity of weak solutions have been the most outstanding open
questions in the mathematical fluid mechanics and are closely related to one of the
seven Clay Millennium Problems.
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Introduction

Definition (J.-L. Lions (1969))

Let up € L2. A measurable function w on R™ x (0, 7)) is called a weak solution of (NS)
on (0,T) ifu € L> (0,75 L2) N L2 (0, T; H.) and the following hold:

u (t) is continuous on [0, T in the weak topology of L2;
we have
0
[ - 0,.0:2) + (Vu, 99) + ((u- V) w, )} r
S

=—(u(®),®(t) + (u(s), ®(s)) 2
forevery0 < s <t < Tandevery ® € H! ((s,t); H: nL").
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on (0,T) ifu € L> (0,75 L2) N L2 (0, T; H.) and the following hold:

u (t) is continuous on [0, T in the weak topology of L2;
we have
0
[ - 0,.0:2) + (Vu, 99) + ((u- V) w, )} r
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=—(u(®),®(t) + (u(s), ®(s)) 2
forevery0 < s <t < Tandevery ® € H! ((s,t); H: nL").

REINETN

| A\

If (i) 2 < n < 4 or (i) Q is a bounded domain or exterior domain or (iii) R™, then every
Leray-Hopf weak solution is a Lion’s weak solution and vice versa (see Masuda (1984)
and Giga (1986)).
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Introduction

Definition (Strong solution)

Letug € H; for s > & — 1. A measurable function v on R"™ x (0,7 is called a
strong solution of (NS) in the class CL; (0,7) if

we C([0,7); Hy) N C* ((0,T); Hy) N C ((0,T); H?);
u satisfies (NS) with some distribution p such that Vp € C ((0,T) ; H®).

The existence of solution of (NS) in this class is well-known. See
Fujita-Kato(1964), Kato(1984) and Giga(1986).
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Introduction

Theorem

Assume that up € L2. Let u and v be weak solutions of (NS) satisfying the
energy inequality. Suppose in addition that v € L™ (0, T'; L?) for some q and r
satisfying

—+—=1, n<qg<oo, and2<r < oo. (Se)

Then v = v on [0,T].

The class (Se) is important from a viewpoint of scaling invariance:
”uz\”Lr(o,oo;Lq) = HUHLT(o,oo;Lq)
holds for all A > 0if and only if 2 + 2 = 1. Here

ux(x,t) = Au(rz, \°t)
for A > 0.
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Introduction

In the case of Leray-Hopf solution,

Theorem

Assume that uo € LZ. Let u and v be weak solutions of (NS) satisfying the
energy inequality. Suppose in addition that v € L"(0,T; L?) for some q and r
satisfying

2
7+ﬁ=1, n<qg<oo, and2<r < oo. (Se)

T

Then uw = v on [0,T].

May 15, 2018
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Introduction

In the case of Leray-Hopf solution,

Theorem

Assume that uo € LZ. Let u and v be weak solutions of (NS) satisfying the
energy inequality. Suppose in addition that v € L"(0,T; L?) for some q and r
satisfying

g-l-le, n<qg<oo, and2<r < oo. (Se)

Then uw = v on [0,T].

m Lions-Prodi (1959), Prodi (1959); uniqueness theorem when n = 2.

m Foias (1961); Q =R" with2/r +n/qg <1, n<gq.

m Serrin (1962,1963); general domain 2 in R™ (n = 2, 3, 4) with
2/r+n/q<1.

m Masuda (1984); removed the restriction on dimension n.

m Escauriaza-Seregin-Sverak (2003); ¢ = n = 3 and r = co.
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Introduction

Kozono-Taniuchi proved the following result:

Theorem (Kozono-Taniuchi (2000))

Let ug € L% and let u, v be two weak solutions of (NS) on (0,T).
Suppose that

u € L* (0, T; BMO) (3)
and that v satisfies the energy inequality

t
[o@I+2 [ IVo@I3dr < luol, 0<e<T. 4
0

Then we have u = v on [0, T).

Let ug € L% and let u be a weak solution with the additional property
(13). Then for every 0 < e < T, w is actually a strong solution of (NS) in
the class CLs (¢,T) for s > § — 1.
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Introduction

The theorem of Kozono-Taniuchi is an extension of Serrin-Masuda’s criterion
since it is larger than the marginal case L?(0,T; L™):
2

=+

E:1, n<qg<oo, and2<r < oo. (Se)
r q

u € L? (0, T; BMO) (KT)
since L= C BMO. We will define the space BMO in later.
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Introduction

Also, Kozono-Taniuchi gives a regularity criteria in terms of vorticity and
deformation tensor.

Theorem

Let ug € L2. Suppose that u is a weak solution of (NS) on (0, T). If either
curlu € L' (0, T; BMO)

or
Defu € L' (0, T; BMO)

holds, then for every 0 < € < T, w is actually a strong solution of (NS) in the
class CLs (e,T) for s > % — 1.

Hyunwoo Kwon (SGU) Navier-Stokes equations and BM O May 15, 2018 10/66



Theorem (Kozono-Taniuchi)

Lets > 5 — 1 andletug € H;. Suppose that u is a strong solution of (NS) in the class

CL, (0, 7). If
T
/ o (8)||2s0 dt < 00 for some 0 < e < T,
€0

then u can be continued to the strong solution in the class CLs (0, T") for some
T >T.

As a corollary, we obtain a blow-up result.

Corollary (Blow-up result)

Let u be a strong solution of (NS) in the class C'Ls (0, T) for s > 5 — 1. Suppose that
T is maximal, i.e., uw cannot be continued in the class CLs (0, T") forany T’ > T. Then

T
/ llu (@) By dt = 0o forany 0 < e < T.
€

In particular, we have
limsup ||u (t)||gpo = co-
t—T—
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Theorem (Kozono-Taniuchi)

Let s > % — 1. Suppose that w is a strong solution of (NS) in the class C'Ls(0,T). If
either

T T

/ lleurlu(®)| gy dt < 00 or / IDefu(t)l| o dt < o0
€0 €0

holds for some 0 < 9 < T, then u can be continued to the strong solution in the class

CLs(0,T") forsome T’ > T.

As a corollary, we obtain a blow-up result.

Corollary (Blow-up result)

Suppose that u is a strong solution of (NS) in the class CLs(0,T) for s > n/2 — 1.
Assume that T' is maximal in the same sense as before. Then both

i’ T
/ lcurl w(t) || gpo dt = oo and / IDefu(t)|| gy dt = oo
E €e

€

hold forall 0 < e < T.
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= In R?, Beale-Kato-Majda(1984) considered the following statement: if

T
/ llcurl u(t)|| ;0 dt < 00
0

then u(t) can never break down its regularity at t = T for incompressible
Euler equation. The same assertion holds even for (NS). This papers
extend this result to the marginal space BMO.

m Beirdo da Veiga proved the regularity criterion in the class
Vu e L7(0,T; L9) for 2/r +n/qg =2withn/2 < g <occand 1< r < oco.
Kozono-Taniuchi covers the borderline case ¢ = co and r = 1.
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the standard Sobolev space

Wk,q(Rn), Hk(Rn) — Wk,2(Rn)

the Bessel potential space
LVIR™) = {(I - A)/2f: f € LYR™M}, HY(R™) = L73(R™)

LYYR") = {u € LY4(R") : divu = 0}, H) = LY (R").
C§° (R™) the space of smooth functions with compact supports.

Cgs, (R™) the space of smooth vector fields with divergence-free with compact
supports.

for a vector field u : R® — R™, we write u = (u!,...,u") and

curlu = (Djuk — Dkuj) Defu = (Djuk + Dkuj)

1<5,k<n’ 1<G,k<n’

m (-,-) duality pairing between L™ and L.
m X — Y means X is continuously embedded in Y.
We drop R™ if it is ambient.
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Motivation of Hardy space

The Hardy space is a good replacement of L' in the theory of partial
differential equation. For example, consider the case of Poission equation

Au=f inBi, u=0 ondB; withfeL"(B1).

Then in general the solution D?u does not in L. For example, consider the
case R? and let
u (z) = loglog (e|z| ")

Then
1

ANp=——— .
b |:c|210g2 (e|x|71)
Since

dr < o0,

! 1
/0 rlog? (er—1)

we see that Au € L.
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Motivation of Hardy space

However, u ¢ W' (B;). Write || = r . Since

82u 2 82u 32u 2 82u
Z 7 e 2 si i Zz =
92 = COS 03 2+ sin @ cos 0 y—l—sm 0 3

we see that for sufficiently small r,

0%u B log (er_l) -1 1
= 0r2  r2log?(er—1) = 2r2log(er—1)’

Since [ mdr = oo for every e € (0,1], we have [}, [D*u|dx = oc.

er—
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Hardy space and BMO

Let P;(x) = C"W’ where ¢, = W Whenever f is a bounded

distribution(f * ® € L°° whenever ® € S), we define u(z,t) = (f * P;)(x).

Definition (Hardy space)
Let 0 < p < co. We say that a bounded distribution f is in H? if u* € L?(R™). Here

u*(z) = sup |u(y,t)|-
lz—y|<t

When p > 1, its norm is defined by

[l = lle* Ml Lo -

Remark

| A\

The following are equivalent:
if € T
There exists a ® € S with [ ® # 0 so that Mg f € LP(R™), where
Mo f (z) = sup|(f * @¢) (z)] -
t>0
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Hardy space and BMO

When 1 < p < co, HP = LP and H! ¢ L* but not the converse.

Although L' has no weak compactness result, we have a weak
compactness result in .

| A

Definition
A locally integrable funciton f is in BMO(R™) if the inequality

ﬁ /B (@) — falde < A (5)

holds for all balls B. Here fz = |B|™" [,, fdx denotes the mean value of f
over the ball B.
The smallest bound A for which (5) is satisfied is then taken to be the norm of

f in this space, and is denoted by || f|| 50

y
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Hardy space and BMO

m ltis easy to see that L= € BMO(R"™).

m A typical example of BMO function is log |z| on R. Note that this function
is not bounded.

m The space BMO is a natural substitute of L in the theory of singular
integrals.
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m A typical example of BMO function is log |z| on R. Note that this function
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m The space BMO is a natural substitute of L in the theory of singular
integrals.
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Here ¢ cannot be oo due to some counterexample.

Hyunwoo Kwon (SGU) Navier-Stokes equations and BM O May 15, 2018 20/66



Hardy space and BMO

m ltis easy to see that L= € BMO(R"™).

m A typical example of BMO function is log |z| on R. Note that this function
is not bounded.

m The space BMO is a natural substitute of L in the theory of singular
integrals.

It is well-known that W™ (R™) is embedded in L(R™) for any n < ¢ < oc.
Here ¢ cannot be oo due to some counterexample.

Proposition

wh™(R™) is embedded in BMO(R™). In general, if 1 < p < oo and v > 0 with
~vp = n, then L"°?(R") is embedded in BMO(R").

wt™(R™) — BMO(R") can be proved by using the Poincaré inequality.
The general case requires hard computation.

Hyunwoo Kwon (SGU) Navier-Stokes equations and BM O May 15, 2018 20/66



Hardy space and BMO

Proposition

W (R™) is embedded in BMO(R™). In general, if 1 < p < oo and v > 0 with
~yp = n, then L""?(R™) is embedded in BMO(R™).

v

Definition (Strong solution)

Letup € H; for s > n/2 — 1. A measurable function » on R™ x (0, T) is called
a strong solution of (NS) in the class CL; (0,7) if

we C([0,T); HY) N C' ((0,T); HS) N C ((0,T); H?);
u satisfies (NS) with some distribution p such that Vp € C ((0,T); H*).

y

Since s > n/2 — 1, H**? ¢ BMO, and hence by the definition of the strong
solution we have u € C((0,T); BMO).
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Two celebrated theorems

Theorem (Fefferman-Stein (1972))

The dual of H'(R™) is BMO(R™).

They observed

<clfllsmo llgllza

‘/Rnfgd:c

for f € BMO and g € H_ so that the integral is well-defined. Here #_ is the
space of all g that are bounded and have compact support with [ gdz = 0.

See Stein’'s monograph (1993).
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Two celebrated theorems

Theorem (Coifman-Lions-Meyers-Semes (1993))

Let E, B be vector fields on R™ satisfying E € L? and B € L with
1<p<oo,%+1%:1and

divE=0, culB=0 ie, 9;B'=8B inD.
Then E - B € H* and there exists a constant C' > 0 such that

I1E- Bllyr < CIE| Lo I|Bll Lo
holds.
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Two celebrated theorems

Theorem (Coifman-Lions-Meyers-Semes (1993))

Let E, B be vector fields on R™ satisfying E € L? and B € L with
1<p<oo,%+1%:1and

divE=0, culB=0 ie, 9;B'=8B inD.
Then E - B € H* and there exists a constant C' > 0 such that

I1E- Bllyr < CIE| Lo I|Bll Lo
holds.

m First method: maximal function estimates (see original paper or
Giaquinta-Martinazzi (2005))

m Second method: Coifman-Rosenberg-Weiss commutator estimates +
VMO* = H'. (see original paper or [LPPW] below for idea)

m Recently, there is a multi-parameter generalization given by
Lacey-Petermichl-Piper-Wick (2010).
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Interpolation of the space BMO

Let [ X0, X1]s denote the complex interpolation space between X, and X;.
(See Lunardi or Bergh-Loéfstrém).

Theorem (Janson-Jones (1982))
Let0 <po<ocoand0< 6 < 1. Then

[HP, L°°]s = [HP°,BMO]y = H°,
where
1 1-6
P po

In particular, we can interpolate L? and BMO. So
L’NBMO C L"

forany 2 < r < oo.
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Lemma for convection term

Recall that if w € L™(0,T'; L?) is a weak solution of (NS) where (r, q) satisfies
(Se):
%+%:1, n<g<oo, and2<r < oo, (Se)

then the energy equality holds:
t
()13 + 2/ IVulll dr = Jluoll3, 0<t<T. (6)
0

We will show that the condition « € L*(0, T; BMO) gurantees the energy
equality.
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Lemma for convection term

Letw e L™ (0,T;L3) N L*? (0,T; Hy) and u € L? (0, T; Hy N BMO). Then
we have

/OT((w~V)u,u)d7':0. (7)

Proof Fix 1 < k < n. Recall that
[(w- V)u]* = w'du”.
Set E = w and B = Vu*. Then div E = 0 and curl B = 0 since
B’ = 9i9;u" = 9;0,u" = 9;B" inD.
Hence by the div-curl estimates, (w - V)u € H* and

[(w - V)ullyn < Cllwll 2 [Vull 2 -
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Lemma for convection term

Since (H')" = BMO and u € BMO, we have
T
/ (w - Vu,u)dr (8)
0
T
< [ - Tl fullgo dr

T
<c sup IIw(T)IILz/ IVu (Tl 2 llu (Tllgmo @7
o<T<T 0

1 1
T b T b)
< s @l ([ 1vumiEar)” ([ lu@liodr) <o
o<r<T (0] 0

which shows that fOT ((w - V) u,u) dr is well-defined.
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Lemma for convection term

Let p € Cg° (RY) with supp p C (—1,1) such that p (1) = p (—7), p(7) > 0, and
S22 p(r) =1.Forh >0, setp, (r) = h~1p (h~17) and define u, by

T
uh(r)=/0 pn(r—wyu(w)dy, 0<r<T. ©)

Since w € L2 (0,T; H: N BMO), up, € H! (0,T; H: N BMO) and
up, —u inL?(0,7;H: NBMO) ash — 0.

For such uy,, we claim that

T T
/ (w- V)u,up) dr = —/ (w - V) up,u) dr. (10)
0 0

If the identity holds, from (8) we have

‘/OT((w-V)u,uh)dT—/OT((w-V)u,u)dT

3 T 5 %
( /0 lun — o df)

T
<C swp_flw (7)o (/0 ||Vuuizdf)

<T<T
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Lemma for convection term

and

\/ﬁ(w~V>uh,u>dT—/OT(<w~V>u,u>dr

T 5 2 T 5 %
<c sw @l ([ 190 - ulgaar) " ([l o)
o<r<T 0 0
Now since uj, — win L? (0,T; H: N BMO) as h — 0, by (10), we obtain

T T
/O((w-V)u,u)dT:}}iLno/O (w - V) u,up) dr

T

=—1 . d
i [ (- V) ) e

T
= —/ (w - V) u,u)dr.
0

This proves [/ (w - Vu,u) dr = 0.

Hence it suffices to show that the identity (10) holds. By Janson-Jones’ interpolation
theorem, we have L2 N BMO C L™. So for each fixed h > 0,

up € HY (0, T; H: N L™).
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Lemma for convection term

Lemma (Masuda, Proposition 1 and Lemma 2.2 (1984))

Cge is densein H: N L™.

Let X be a dense subset of a Banach space X. Then any function
& € H'((s,t); X) can be approximated by a sequence {®,.} in the topology of
H((s,t); X) such that each ®,, has the form

(1) = D Ai(T)ey,
finite

where \; is some C'*°-function on R and ¢; is some element of X.

By this lemma, there is a sequence {uf }~ , of functions having the form
uf (1) =Y AP @) ¢ with AP € o= ([0, 77), (" € C52, (11)
finite

such that
uf =y, inHY(0,T; HXNL™)

as k — oo.

'In general, if 1 < p < oo and €2 is a bounded domain or exterior domain in R™, then Cor ()
is dense in Hy , N LP(Q).
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Lemma for convection term

Since uf is a finite linear combination of smooth functions, we can perform the
integration by parts to get

AT ((w~V)u,qu)dT:—/0T <(w~V)qu,u>dr,

Now Hélder inequality and Sobolev inequality give
T T
/ ((w-)u,uf) dr - / (w- V) u,un) dr
0 0
T
< [l 1902 o

(12)

_uhHLn dr

k
uyp uhHL" dr

. . )
(/ ||VU'H2deT) (/ Hwnim)
LTI, O 0

<c /0 IVl 2 1 Vull .2

<C sup Huﬁ(T)—uh(‘r)‘
o<t
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Lemma for convection term

Since divw = 0 in ©, applying the div-curl estimate, #'-BMO duality, and
Hélder’s inequality, we have

/T ((w-V)uﬁ,u)dT—/T((w-V)uh,u)dT

T
< H (vt —v H d
_C/O w ( Up Uh) ” [ullgpo d

T
<c [ ul,e
0
r k 2 : T :
<e st ([ [vok = v ar) " ([ o)
o<7T<T 0 L2 0

Now letting k¥ — o0, this proves

Vu’;ﬁ — Vuh)

Nl d7

/OT((w-V)u,uh)dT:—/()T((w.v)uhm)dr -
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Energy equality

As a consequence of the previous lemma, we obtain the energy equality for (NS).

Let ug € L2. Suppose that u is a weak solution of (NS) on (0, T) satisfying
u € L%(0,T; BMO). Then u satisfies the energy equality

b
w32 + 2/ [Vul|32 dr = |Ju(s)||3, forall0<s<t<T.
S

Proof By Janson-Jones’ interpoaltion theorem, we have
uw € L?(0,T; L> N BMO) C L?(0,T; L™).
Let pp, h > 0 be the same function as in the proof of previous Lemma. Choose

t
@ (1) =un (0) = [ o7 = u ) du.

S

Thenwuy, € H! ((s,t); H nL").
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Energy equality

By the symmetry of p;,, we have
t t t
[ @y @)dr= [ [ o= ) @) () dudr
t t
=—/ / Py (7 — 1) (u (7) ,u () dpcr
t
—— [ @@ ) @)ar

S

So .
/ (u(r), (up)' () dr = 0.

S
Since u is a weak solution of (NS), u is weakly continuous on [0, T in the weak
topology of L2. By definition of p,, we have

@) () > 3 @, @) un () = 3 @2

as h — 0.
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Energy equality

Since u € L2 (0,T; H}), we see that

t t
/ (Vu, Vup) dr — / (Vu, Vu) dr
S S

t
< / IVull 2 [ Vun — Vall 12 dr
S

1

¢ ) i t 5 3
g(/ ||Vu||L2dT) (/ ||Vuh—Vu||L2d7') .

Now letting h — 0, we see that

t 1 t
lim (Vu, Vup) dr = 5/ Vull2 dr.

h—0 Jq
Since u € L2 (0,T; H}) N L2(0,T; BMO), div-curl estimate gives (u - V) u € H! with
[(w- V) ullzn < cllullpz [Vullpz -
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Energy equality

By #!'-BMO duality, we have

/t((u~V)u,uh)dT—/:((u-V)u,u)dT

E]

t
< c/ lull 22 1V ull 2 llun — ullgao d7
S

1 1
2 t 2
<C sup [lu(r)lpe (/ 1Vul2. dT) (/ ||uh—u||2BMod7')
S T S

Now letting h — 0, we get
t
hm / ((w- V) u,up)dr 7/ ((u-V)u,u)dr.
Now take & = wuy, in (NS) and then let h — 0. Then from the above analysis, we have

t
/HVUIIisz=— Hu(t)lle+ llu (s)II72

forall 0 < s <t < T. This completes the proof.
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Proof of regularity criteria

We are ready to prove the following theorem:

Theorem ( niuchi (2000))

Let ug € L2 and let u, v be two weak solutions of (NS) on (0, T). Suppose that
u € L? (0,T; BMO) (13)
and that v satisfies the energy inequality

t
llv (113 +2/0 IVo (D)3 dr < Jluoll3, 0<t<T. (14)

Then we have v = v on [0, T.

Let ug € L2 and let u be a weak solution with the additional property (13). Then
for every 0 < e < T, u is actually a strong solution of (NS) in the class CLs (e, T)
fors > 5 — 1.

Hyunwoo Kwon (SGU) Navier-Stokes equations and BM O May 15, 2018



Proof of regularity criteria

Proof (1) First, we show the uniqueness. Suppose « and v are solutions of
(NS) with energy inequality. Set s = 0 in the definition of weak solution of
(NS). Take two test functions u; and v} in the same way as in (11). Then
vy —vin L? (0,T;H}) as k — oo, h — 0.

Since u € L? (0, 7; BMO), we have by integration by parts

/Ot ((u-V)um’ﬁ) dT:—/O

ask —ooand h — 0.
Similarly, we have

t

((u~V)v;’f,u) dr — —/(;t ((u-V)v,u)dr

/Ot((U-V)U,uh)dT%/Ot((v~V)v,u)dT

as h — 0.
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Proof of regularity criteria

Hence, we have the identity

/ {2(Vu, Vu) + ((v- V), u) — ((u- V) v,u)} dr

(15)
=~ (u(t),v (1) + Juolz: -
Since u € L*(0,T; BMO), u satisfies the energy equality
2 ¢ 2 2
l[u ()2 + 2/ VullLe dr = [luo|Lz - (16)
0

Set w = u — v. Multiply —2 to (15). Then add this with the energy equality on
u and energy inequality of v. Then by calculation, we get

t t
ol +2 [ IVelfadr <2 [ (- Dyvu)dn
0 0
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Proof of regularity criteria

Then applying the div-curl estimate, H'-BMO duality and Cauchy’s inequality and
using the Lemma, we get

t t
lw (8)]12. +2/0 V]2, dr < 2/0 (w- V) v,u)dr
t
:2/ (w- V) w,u)dr
0
t
< C/o - Vol lullpao dr
t
<c /0 lwll 2 (9wl 2 fullpyo dr

< [ 1vuizadr+ [l o dr
Hence .
llw ()12 < C/O lwll72 lulfyo dr, 0<t<T.
Since u € L? (0, T; BMO), the Gronwall inequality yields
w32 =0, 0<t<T.
So we get the desired uniqueness result.
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Proof of regularity criteria

(2) Next, we show the regularity. Since w € L2 (0,T; H: N BMO), for every
0<e<T,thereis 0 < § < e suchthatwu(§) C H: NBMO C L2 N L, for

n < r < oo. The last inclusion follows from Janson-Jones’ theorem. Hence by the local
existence of strong solution of (NS), there are T, > ¢ and a unique strong solution @ on
[0, Tx) with @ |,=s= u (&) such that
ieC([6,T); H- N LL) N CY ((5,T,) : HT2) fors > g ~L
Since u € L?(0, T; BMO), u satisfies the energy equality
t
lu®la+2 [ IVulEa dr = [u@)3s. s<t<T.

Since @ € L™ (0,T; L"), where n < r < oo and r' satisfy

n 2

-+ <1,

T T

by Serrin-Masuda’s criterion, uw = @ on [§, T%). So we can regard v as a strong solution
in the class CLs (6',Tx) for§ < ¢’ < e.
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Proof of regularity criteria

We claim that T, = T'. If not, then there exists Ty < T such that w is a strong solution
in the class C'L; (6’, Tp) but cannot be continued in the class C'L, (6’, T) for T > Tp.
Note that we have v € L2 (0,7; BMO). So
To T
[ o dr < [ ulo dr < .

But this contradicts the blow-up result. So T = T'. This completes the proof of the
regularity assertion of Theorem.

Corollary (Blow-up result)

Let u be a strong solution of (NS) in the class CLs (0, T) for s > 5 — 1. Suppose that
T is maximal, i.e., u cannot be continued in the class CLs (0, T") for any T' > T. Then

T
/ lu ()30 dt = 00 forany 0 < e < T.

€
In particular, we have
limsup ||u (t)||gpo = oo- O
t—T—
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Bilinear estimates in BMO

The following bilinear estimates is crucial to prove the regularity criteria in terms of
vorticity and deformation tensor.

Lemma

Letl < r < oo.
(1) There exists a constant C' = C' (n, r) such that

If-gller <C(IflLr lgllsmo + Ifllemo NgllLr)
forall f,g € L™ N BMO.
(2) There exists a constant C' = C (n, r) such that

1 Vallzr < € (Ifllzr [|(—2)% o

forall f,g € WL with V f, Vg € BMO.

+2E sl

BMO BMO
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Bilinear estimates in BMO

The following bilinear estimates is crucial to prove the regularity criteria in terms of
vorticity and deformation tensor.

Lemma

Letl < r < oco.

(8) Leta = (a1,...,an), B=(B1,.-.,Bn) be multi-indices with
la|=a1+ -+ an >1and|B| = B1 + -+ Bn > 1. Then there exists a
constant C = C' (n,r, «, B) such that

=5 2%]

LT

(—A) \al-z%-lﬂl

|| +18]
g 2

<& (flanco | +o

for all f,g € BMO N Wlel+I8l.r,

fH ||9HBM0)
L'f‘

LT

Proof requires the theory of Coifman-Meyer theory of bilinear operators.
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Coifman-Meyer theory of bilinear operators

Recall the following classical theorem on the theory of singular integral:

Theorem (Mikhlin’s multiplier theorem)
Let m(&) be a complex-valued bounded funciton on R™ \ {0} that satisfies

|ogm(€)] < Ale|™'!

for all multi-indices || < [%] + 1. Define

Tf(z)=c / _mOf(©eidg, fes.

Then T is a bounded linear operator from LP to itself forany 1 < p < oo
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Coifman-Meyer theory of bilinear operators

Theorem (Coifman-Meyer)
Leto =0(&,m) € C(R" x R\ {(0,0)}) satisfy

0208 (€,m)| < CIE| + )11 (,m) € R* x R™ \ {(0,0)}

for all multi-indices o, 8 with C' = C(«, 8). Suppose that

o(£,0) = 0.
Then the bilinear operator o(D)(-, -) defined by
o(D)(f,9)@) = [[ " Va(e,n)f(©)g(mdedn, weR"
R™ xR"™
satisfies
o (DY(F: D2 < ClIfllL2 lgllzmo
with C = C(n).

(17)

* Authors made the wrong citation.
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Coifman-Meyer theory of bilinear operators

The expression (17) has make sense for f and g in the Wiener algebra.
Then o(D) can extend to a bicontinuous operator from L? x BMO to L>.

Let1l < r < oo and g € BMO. Define T'(f) = o(D)(f,g). Then T is a
Calderén-Zygmund operator. So

le(DY(F Dl e < CNSf Il 19llBro -

The proof is quite difficult. The proof uses T'(1) theorems with some
analysis on ‘strict convergence in BMO'.
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Proof of bilinear estimates in BMO

Proof We only prove the case (i). The proof of rest parts are essentially same. It
suffices to prove when f, g € S, where S denotes the Schwartz class. Let

P € C([0,00)) such that supp®1 C [0,1),0 < P <1, Py (t) =1for0 <t <1/2

and &3 =1 — ®;. For (§,n7) € R™ x R™\ {(0,0)},

oj (&n) =@ (%) forj =1,2.

Forn # 0, o2 (0,n) is well-defined and o2 (0,7) = 0. Fix £ # 0. Since

supp @1 C [0, 1), for any n # 0 with |n| < |£], o1 (¢,7) = 0. Hence, for each £ # 0,
(&,0) is a removable singularity of o1 and o1 (§,0) = 0.

Recall

9 (LN__ 1 m
851('5‘) |s| 8m(\n|> o Tl

Og,01(§,m) = O, (<I>1 (%)) @ (:57\) %%
oo o () (D) () e

Note that
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Proof of bilinear estimates in BMO

Since supp @’ C [1/2,1) for j = 1,2,
I3 €]

1
f€supp{>; — - < =<1
In| ]

So

c <
Inl = 1&1”
|8m'0'1 (ﬁan)‘ < CliL < i
7l

001 (&, )| <

Hence we get

9050 (¢,m)| < < for (¢€,m) € R” x R™\ {(0,0)}

(€L [

for all multi-indices «, 8 with C = C («, 3).
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Proof of bilinear estimates in BMO

Write

fag =c | e EDf )50 den
=c(o1(D)(f,9) (x) +02(D) (f,9) (x)) -
Since o1, o2 satisfy the hypothesis of Coifman-Meyer theorem, we have
9l < cllon (D) (f; 9L + clloz (D) (f,9)ll-
<clfllzr lgllemo + ¢l fllpmo llgllr -

This completes the proof. O
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Lemma for convection term

For a vector field u : R™ — R™, we write v = (u', ..., 4™) and

curlu = (Djuk — Dkuj) , Defu= (Djuk + Dkuj)

1<j,k<n 1<j,k<n

Lemma
Letw,u e L™ (0,T;L2) NL*(0,T; Hy). Suppose that either
curlw, curlu € L' (0, T; BMO)

or
Defw, Defu € L' (0, T; BMO)

holds. Then we have

T
/ (w- V) u,u)dr =0. (18)

0
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Lemma for convection term

Lemma (Biot-Savart law)
Let1 < q < oo and u € LL9. Then we have

8u:Rj(R><UJ), j=1,...,n, wherew = curlu;

oz,
l n
% = R; (ZRkDefukl) . g l=1,...,n,
L k=1

Whele
(Cullu) jk — 8u - 8 ’LL’ and Defu = = + Ul
ik J k kl 9 ; 9 o

Here R = (R1,...,Rn), Rj = % (=) denote the Riesz transforms.
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Lemma for convection term

Proof Here we only prove
— =R; (Rxw), j=1,...,n, wherew = curlu

for u € CF5,.
Fix 1 < ¢ < n. By linearility of Riesz transform and definition of vorticity, we have
[R; (R x w)]* = R;j(Ry(3pu’ — 3;u")) = Rj Ry (dpu’) — Rj Ry, (9;u®).
Observe that
R; Ry (8;u*) = R;R; (8pu®).

Indeed,
&5 ik,
&l 1€l

= i e @

= (RiR;(8,u*)" (€)
and taking the inverse Fourier transform, the identity follows.

(RjRi(9:u!)™ () = )
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Lemma for convection term

So
[R; (R X w)]* = R;j(Ry,(8pu’ — 8;uk))
= RjRi(dpu’) — R; Ry, (8;u®)
= R;Ri(dpu’) — R;R; (du®).

Since divu = 0 in R™, we have

[R;(R x w)]' = R; Ry(dpu) = Ry Ry (9ju’) = Zu .
Tj
Here we used
S RI=1
k=1
This proves the Biot-Savart Law. a
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Lemma for convection term

Proof of Lemma By the Biot-Savart Law, we have

ﬁ =R;(Rxw), ,j=1,...,n, wherew = curlu;
Ox;
oul n
l:R] <ZRkDefukl>7 j,l:l,...,n,
8xj =1
where . .
o 1o}
Defuy; = . l.
Oz Oz
Here R = (R1,...,Rn), Rj = 52~ (—A)? denote the Riesz transforms. Since
J

R : BMO — BMO, Vu, Vw € L' (0,T; BMO) if curl u, curlw € L' (0, T; BMO) or
Defu, Defw € L' (0, T; BMO).
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Lemma for convection term

By bilinear estimates in BMO, we have
T
[ 1wyl dr

T
< / ol 2 [ Vellpao + V0 laaco el 2 dr
0
< H’wHLoo(o,T;m) Hvu”Ll(O,T;BMO) + ||uHL°°(0,T;L2) ||vaL1(0,T;BMO) < 0.

So (w-V)u € L' (0,T;L?). Since u € L (0,T; L*), we have

/OT((w~V)u,u)dT<oo.

Hence, the integral is well-defined.
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Lemma for convection term

Let p € C§° (R) with supp p C (—1,1) such that p (1) = p(—7), p(7) > 0 and
Jg pdT = 1. For h > 0, we set py, () = h=1p (h~17) and define

T
un ()= [ pn(r = wuds, 0<t<T.
0
Assume in a moment that
T T
/ (w- V)u,up) dr = —/ (w - V) up,u) dr.
0 0
Since uy, — u weakly-star in L> (0,7 L?),
T T
lim / (w- V) u,un) dr :/ (w- V) u,u)dr
h—0 /o 0

because (w- V)u € L' (0,T; L?).
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Lemma for convection term

By bilinear estimates in BMO, we have

’/OT«W.V)uh,u)dT_/0T<(w.V)u,u)dT

:‘/OT((w-V)(Uh_U):U)dT

< ”u”Loo 0.T:L2 lw -V (up —U)”Ll 0,T:L2

<C Hu”Lw(o,T;LZ) ||w||L°°(O,T;L2) (IVun — Vu”Ll(O,T;BMO)
+C ||“||Loo(o,T;L2) IVwllL10,rBmo) lun — “||L°°(0,T;L2)
_ 7 (2)
=1+ 1P,
So Vuy, — Vuin L' (0,7; BMO) and hence I,(Ll) —0ash — 0.

Since uj, — win L2 (0,T; L?), there exists a subsequence {uhj } with k; — 0 as
j — oo such that

lim Huhj (r) — u(T)HL2 =0 foralmostall € (0,T).

J—o0
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Lemma for convection term

Since
IVw (Mllsnmo llun (1) = u ()llL2 < 2llullpoc 0,1,22) VW (TllgMo s 0<7<T
for all A > 0. Since Vw € L' (0, T; BMO), I,(lz_) — 0 as j — oo by dominated
J

convergence theorem. Thus,
T T
]11)1’1;0 . ((w V) uhj,u) dr = /0 (w - V) u,u)dr.
Hence
T T
/ (w- V) u,u)dr = _/ (w - V) u,u) dr,
0 0
which proves

T
/ ((w-V)u,u)dr =0.
0

It remains to prove the identity

T T
/O((w~V)u,uh)dT:—/0 (w - V) up,u)dr.

Note that Vu € L1 (0, 7;BMO) N L! (0,75 L?) C L' (0,T; L™) by Janson-Jones'
interpolation theorem.
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Lemma for convection term

Since
lu(Mllgmo < ClIVu(r)lpn  forae. 7,

for some constant C which does not depends on 7, we have u € L! (0, T; BMO).
Hence
sup lup (T)llpn < Mp,  sup [[Vup (7)l|pn < My, (19)
o<t<T o<r<T

with a constant M;, depending on h.

Since g, is dense in H], by the Lemma of Masuda, we can choose a sequence
{u*}77 | having the form of
uf () =3 AP @) ol®, with AP e > ([0, 7)), 0" € Cg2,
finite
such that
uF —u InL?(0,T;HY) ask— . (20)
For such u*, we have
T

/OT ((w~V)uk,uh) dr = —/0 ((w~V)uh,uk) dr.
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Lemma for convection term

By (19), (20

) and the Sobolev inequality, we have

/OT ((w~V)uk,uh>dT—/OT((w~V)u,uh)dT

L2 lunllpn dr

s/ il 2a, [V~ u
0

T ) Ay . 2
th</0 \|Vw||L2dr) (/O HVu —VU‘L

’/OT ((w'V)u’““k)dT_/OT((UJ'V)uh,u)d-,-

2
d‘r) — 0,
2

T
< [ hlle 19unln o = ]|, ar
0

T
< CMy ||wHL<x>(O T,Lg)/ HVU’“—VUH 2d7'—>0
\T; o I

as k — oo. Thus,

T T
/ ((w~V)u,uh)dT:—/ ((w- V) up,u)dr. O
0 0
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Energy equality

Lemma

Let up € L2. Suppose that u is a weak solution of (NS) on (0, T satisfying
one of the additional conditions

curlu € L* (0, T; BMO)
Defu € L' (0, T; BMO).
Then w satisfies the energy equality

t
lu (D% + 2/ IVul2s dr = |lu(s)l?. forall0<s<t<T.

The proof is similar to the case of u € L?(0,7; BMO). We omit it.
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Regularity criteria in terms of vorticity

Following the argument as in the case of u € L*(0,7; BMO), we obtain the
following theorem.

Theorem

Let ug € L2. Suppose that u is a weak solution of (NS) on (0, T'). If either
curlu € L' (0, T; BMO)

or
Defu € L' (0, T; BMO)

holds, then for every 0 < € < T, w is actually a strong solution of (NS) in the
class CLs (e,T) for s > 5 — 1.
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Thank you

Thank you for your attentions!
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