CALDERON-ZYGMUND ESTIMATES

HYUNWOO KWON

ABSTRACT. In this note, we prove Calderén-Zygmund estimates in two ways.

1. MOTIVATION AND DEFINITIONS

In this note, we will prove the celebrated result of Calderén-Zygmund: for 1 <
p < 00, there exists a constant C = C(n,p) > 0 such that
(1.1) IV2ullr, < CllAu]y,

for all u € Cg°.
We first give a motivation for obtaining such estimate. Let us consider the
Newtonian potential

MA@ = [ 2) 1 - )y
for f € C2°. Here @ is the fundamental solution of —A defined by

11 fp>3,
B(x) = { MBS
—5-1In|z] ifn=2,

where w,, is the volume of the unit ball in R™. For simplicity, we assume that n > 3.
Since f € C2° and V@ is locally integrable, integration by part shows that
DN = ——— [ L jw—ya
’ Wy, Jrn |y‘n

However, if we differentiate it again, we cannot pass the derivatives of f to the
kernel since |V2I'(z)| is not locally integrable.

To get an appropriate representation, choose a radial function ¢ € C¢° satisfying
¢(0) =1. Then

DiyNID@) = — [ Lf@ —y) — F@)C)ly, dy

nwy Jrn Y™
1 Yi
_ dy.
| @, dy
Observe that
1 yt 1

nwn, Jrn \y|” [C(y)]y] dy = E(Sij'

Indeed, choose R > 0 so that supp( C Bgr. Then for any € > 0, integration by
parts gives

1 / Yi 1 Yi
CW)ly, dy = ——— f’%( )Cydy
NWn JBp\B. |y|”[ @)l NWn JBR\B. AN @)
1
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+L () <_yj> do(y)

nwn Jop. [y|™ Yl

1 / (5ijlyl2—ny¢yj>
=—-— == ((y) dy
nwn J B\ B. |ly|+2 )

= [ e () doto)

nwn Jop. Y™ Yl

Observe that the integrals on the right-hand side are zero if ¢ # j if we use the fact
(1.3) and ¢ is radial. If ¢ = j, then

1 / Yi 1 ly|? — ny?
— CW)y, dy=——— ( C(y) dy
NWr, J B\ B. |y\”[ W)l Wy J B\ B. ly|"+2 )

1 / y2
+ t—((y)do
nwn Jop, ly[**! ®)
A change of variable shows that

1 / (Iyl2 —ny-2> 1 ly|* —ny?
— | C(y)dy = / | C(y)dy
Wy J Br\B. ly|+2 @) NWn JBR\B. |y +2 )

for 1 <4 <n. Similarly,

2 2
= — [ i

nwn Jop. [y|" Tt nwn Jop. |y

for 1 < i < n. Hence if we denote

A= / Y ()y

nwy Jpa\ g (Y™

then

—~ 1 nly> — n|yl?
A = — - b L4 B CA T d
=) /. (M) o

1 1
oo /aBE e e
- C(y) do(y).

nwne™ ! Jop.
Since 0(0B.) = nw,e" 1, it follows from continuity of ¢ and ¢(0) = 1 that

lim nA. = 1.
e—0+

This implies that
1 Yi
nwn Jro [yl™

1
[y, dy = —dij-
Since

|f(z —y) = f(@)CW)] < |f(z—y) = f@) + f(2)(1 = {(y)] < Clyl,
it follows that

Diy(N[f(w) = Cu(n) | Kij(y)(f(x —y) = f(@)C(y)) dy — %f(w)

R™
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converges, where
2
dijlyl* — nyiy;

Kz(y) = |y‘n+2

Since ( is radial, then one can show that
/ Kij(y)C(y) dy = 0.
ly|>e
Hence we obtain the following representation

DN (@) = Cu(m)Ks () — 2 fa),

where

This leads us to study the Calderén-Zygmund theory of singular integrals.

Definition 1.1. We say that a kernel K : R™\ {0} — C is the Calderdn-Zygmund
kernel if

(1) there exists a constant B > 0 such that |K(x)| < B|z|™™ for all x # 0;
(2) (Hormander condition) there exists a constant C' > 0 such that

/ K(z) - K(z —y)|dz < C
[z|>2]y|

for all y # 0;
(3) (Cancellation property) For any 0 < r < s < 0o, we have

/ K(x)dz =0.
r<|z|<s

Remark. The Hormander condition is related to the regularity condition on K. In
fact, one can show that if |VK (x)| < B/|z|**! for some B > 0, then K satisfies the
Hoérmander condition. Indeed, by the fundamental theorem of calculus, we have

K(x—y)—K(x):—/O VEK(x —ty)-ydt

Since & — ty € By 2(7), it follows that |z — ty| > \%I

K(x)— K(z — dr =
/Iw>2ly| ) ( v /I:v>2|y

1
cof  ito
jol>2ly M
oo
= C|y|/ —dp=C.
2ly| P

Proposition 1.2. Let f € S(R™) and let K be a Calderén-Zygmund kernel. Then
the limait

1
/ VK (x —ty) - ydt|de
0

Tf(r) = lim K(z —y)f(y)dy

€20+ Jiz—y|>e

exists.
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Proof. Note that for 0 < ¢ < 1, it follows from the cancellation condition that

K(y)f(z —y) dy = / K@i —v) - f@ldy+ [ E@)f—y)dy.

ly|>e e<lyl<1 ly|>1

By the mean value theorem, we have

(1.2) [f (@ —y) = f(@)] < IV llzalyl

Since K (y) is bounded for |y| > 1 and f € S, the second integral is well-defined.
Also, by (1.2), we have

J Ky s < [Ty

<lyl<1 ‘y|n
1

< B||f|\Lm/ LW
e<ly|<1 \y|

A change of variable into polar coordinates shows that

1 1 pn—l
/E<|y|<1 Jyl»—t = Cn/a pn—t dp = cp(1 —¢).

Hence for 0 < e < 1,
T. f(z) = K(y)f(z—y)dy
ly|>e
is well-defined. Moreover, one can show that for 0 < n < &, we have

[T f(z) = Ty f(2)] < Ol fllze (& = ).

Hence lim._,o4 7% f(x) exists, which completes the proof. O

We call such an operator as the Calderon-Zygmund operator (of convolution
type). Here is the main theorem of this note, which was due to Calderén-Zygmund
[1], which extends the result of M. Rieszﬂ (1927)

Theorem 1.3. Let K be a Calderon-Zygmund kernel and T be a Calderon-Zygmund
operator associated to the kernel K. If 1 < p < oco< there exists a constant
C = C(n,p) > 0 such that

ITfllz, <Clfllz,,
for all f € C°. Hence the operator T extends uniquely to the linear operator from
L, to itself.
Assuming Theorem [1.3] we prove (L.1). Recall the definition of Kj;:

_ naxy — 8]
Kij(x) = W
We check that K;; is a Calderén-Zygmund kernel.

e (Size condition): Clearly |K;;(z)| < (n+ 0)|z|™"™;
e (Regularity condition): Observe that |VK;;(z)| < Clz|7""};

IThere are Frigyes Riesz and Marcel Riesz. F. Riesz proved Riesz representation theorem and
rising sun lemma. M. Riesz proved Riesz complex interpolation theorem.
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o (Cancellation) Since K;; is a homogeneous kernel of order n, it suffices to
check that

Sn—l
If ¢ # j, note that

Kij(wl,...,71‘1',...,‘%]',...,3371) = 7K¢j(l‘1,...,l’n).

This implies that

/ Kij do = 0.
S§n—1

If ¢ = j, a change of variable gives
/ K“‘ do = K11 do.
Snfl Snfl

Hence

Z/ K“-da:/ (|z)? = |z|?) do(x) = 0
i=1 Sn—l Sn—l

implies that K;; has mean zero for all 4, j.

Therefore, it follows from the Calderon-Zygmund theorem (Theorem that the
operator K;; defined on CZ° extends to a bounded linear operator L, to itself.
Let u € C2°. Note that N[—Au] = u (see Section [A]). Since

0ij
Diju = .D”N[—AU] = ’CZ](—A'LL) + JA’LL
n
for all u € Cg°, it follows that
I1Dijullr, < IKi(=Au)llz, + [[Aullz, < [[AullL,

for all w € C¢°, which proves (1.1J).
The goal of this note is to show the proof of Theorem The proof consists of
five steps.

(1) We first prove that 7' is bounded on Ly (Lg has a more fruitful structure
than Ly, e.g. Fourier transform, Hilbert spaces, ...)

(2) We prove that T is of weak type (1,1), that is, there exists a constant C' > 0
such that

Hx e R" : |Tf(z)| > A} < %

for all f e CZ°.

(3) Using the Marcinkiewicz interpolation theorem, T' is bounded on L, for
1<p<2.

(4) By duality, T is bounded on L, for 2 < p < o0

(5) By density, we may extend T from CZ° to L,.

Step 2 is the highly nontrivial part of the proof. It uses the celebrated Calderén-
Zygmund decomposition of a function f € Ly, which we will see in detail in Section
Roughly speaking, the Calderén-Zygmund decomposition splits the function f
into two pieces, the good part g and bad part b with respect to a fixed level «.

f=g+b
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More precisely, given f € Li(R") and a > 0, there exist a collection of cubes {Q; }
whose interiors are mutually disjoint, g, and b such that

f=g+b,

(%

C
Uas| < =lIfllz, @
J

for some constant C' > 0, |g(z)| < ca, and
c

ba)=0 | J@; and b(z)dx =0 for each j.
j=1 QJ‘

Why do we call g a good part? Maybe there are two reasons. First, g € L1 N L.
In particular, for 1 < p < oo, we have

1 1—-1 1 n _
PPl < 1P era) e,

lgllz, < llgll
see Theorem Second, if we know that T" is bounded on Lo, then we can easily
control the level set of T'g. Indeed, by Chebyshev’s inequality and boundedness of

T on Lg, we have

I Tgll%,

o+ [Ty > o} < =55

C
< E”f”Lr

However, it is a bit hard to control the level set of T'h. To accomplish this goal, we
need to use a ‘remaining good structure’ on b and the regularity conditions on the
kernel K. Then the L,-boundness of the operator follows from the Marcinkiewicz
interpolation theorem and a standard duality argument.

2. CALDERON-ZYGMUND DECOMPOSITION
We say that a cube of the form
[28my, 28 (my + 1)) x -+ x [2Fmy,, 2% (m,, + 1)),
where k, mq, ..., my,, € Z is dyadic.
Theorem 2.1. Let f € L1(R™) and o > 0. There exist functions g, b, and

collection of dyadic cubes {Q;} which are mutually disjoint satisfying the following
properties:

(@) f=g+0b;

(b) llgllz, < Ifllz, and |lgllr.. <2"c;

(c) b= Zj b;, where each b; is supported in a dyadic cube Q. Furthermore,

the cubes Qi and Q; are disjoint when j # k;
(d) fQj bj(z)dr =0;
(€) [1bjllz, <2""1alQyl;

0 Uz Qi < a .

Proof. We decompose R”™ into a mesh of disjoint dyadic cubes of the same size
satisfying

1
Q12 ~ Iz,
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Let Sy be the collection of these dyadic cubes. For each cube in Gy, disect each side
to get 2™ congruent cubes. Let G; be the collection of such cubes. Choose a cube
Q in G, satisfying

1
(2.1) |Q/Q|fdx>a

and we collect these cubes, and we denote this collection by 1. Now we disect each
element in G; \ &7 into 2" congruent cubes. Let Sy be the collection of such cubes
and choose a cube @ in Gy satisfying (2.1)). Continue this process and write

¢g=Ug e=Us:
Jj=0 J

By construction, Q is countable. Of course, the collection could be empty. In this
case, g = f and b= 0.

We check several properties of {Q;}. By the selection process, {Q;} is a collection
of dyadic cubes which are disjoint. By , we have

1
Q< [ 17l
aJQ
for all @ € Q. Since {Q,} is disjoint, it follows that

U ED SICTEFD Sy MTTES I
=1 j=1 j Qi

1

b=> b, g=f-b
J
For each @; € Q, there exists a unique parent Qj in G\ Q such that Q; C Qj
1Q;] = 2"|Q;|. Since Q; is not selected, we have

Define

and

1 / 1
— flde <, ie, — [fldx < 2™a.
|QJ| Q; |QJ| Q;
So
(2:2) [ flae< g [ e
. — r < —— r < 2"a.
Qi1 Ja, 1Q;1 Jo,

By definition of b;, we have

1
/Qj"’j'd”“‘f/@ flde + Q1 M/ijdz

To get an information on good function g, note that

g= f on R™\ lJ; Qj,
@f% fdz on Q;.

<2 / flde < 2"a|Q;).
Qj

By (2.2), we have

lg(z)] < 2" on Q.
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For z € R™\ Uj Qj, there exists a sequence {Q™} such that z € Q®) and QW) ¢

Gi \ Sy, for all k. Then {Q(®)} shrinks nicely to = as k — co. Hence it follows from
the Lebesgue differentiation theorem that

. 1
klggo W Q) fd(E N f(x)

a.e. on R™\ |J; Q;. Since

1
— dz| < dz < a,
’|Q(k)|/¢2(k)‘f SE’/Q(M |f| T < «

it follows that |f(z)| < a a.e. on R™\ |J; @;. This implies that |g(z)| < a a.e. on
R™. Finally, note that

[ Jowla= [ @i [ o)

J

o f(r)ldrH;/Qj o(o)] d

1
§/ |f(2)| dx + / — fdx| dz
R\, Q) ; 1@l g,
<[ i@l Y [ il
RM\U; Q; ; Qj
= fllL,-
This completes the proof of Theorem |2.1 O

Remark. Calderén-Zygmund decomposition can be found in many places in PDEs
paper. Good examples are ‘reverse Holder estimate (Gehring lemma)’ and ‘a crawl-
ing ink spot lemma’. We will see these examples in the next week.

3. PROOF OF THEOREM

In this section, we prove Theorem [1.3] For simplicity, we first assume that 7T is
bounded on Lo (see Proposition [3.2)). This will be proved at the end of this section.

Proposition 3.1. The operator T is of weak type (1,1).
Proof. We will show that there exists C'= C'(n) > 0 such that

C
Ha: ITf(@)] > A < L lfllzs@ny

for all A > 0.

Apply Calderén-Zygmund decomposition to f with the level \. Then there exist
a collection of cubes Q@ = {@,} and decomposition f = g+ b given in Theorem [2.1
Note that

{z:|Tf(x)] > A} C{x:|Tg(x)| > A/2} U{z: |Tb(z)| > A/2}.
For the estimate of the good part, it follows from the Ls-boundedness of T' that

4
{z: [Tg(@)] > A/2}| < 5Tl

c
< lol,
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c
< zlgllzllgllz..

<%l
= gllL,

since [g|] < X a.e. To estimate the bad part, we will crucially use mean-zero property
of b; on Q; and the Hérmander condition of K. For each Q € Q, let Q* be the
dilate of @ by 24/n.

By Chebyshev’s inequality and the property of the collection Q, we have

{a: |Th(z)| > A2} < | |J Q|+ [{z R\ |J Q" : |[Th(z)| > A/2

Qe QEQ
2
ey i@+ [Tl
QEQ RmUe”

SRS N COIOTES
Since b=3_,b; and R" \ J,; Q7 C R"\ @ for all k, it follows that

2
Lo lmn@la<d [ ICEIE
R™\U; Q5 R™\U; QF
2
<z ; .
S0 BRI
j J

Let y; be the center of the cube @;. Since fQj bjdx = 0, it follows that for any
x e R™\ Qj, we have

(Th;)(z) = o K(z —y)b;(y) dy

— [ @)~ K= gty (o) do

Hence by Fubini’s theorem, we have

/Rn\Q; |(Tb;) ()| dx < /n\Q; /]- K (z —y) — K(z —y;)||b;(y)| dy dz:

~ [ 1w (/Rn\@. |K<x—y>—K<x—yj>|dx> dy

J

Note that for x € (Q7)¢ and y € Q;, we have

Q;
vl < YO and eyl > VK@),
where £(Q;) is the side length of the cube @;. Hence
z = y;l = 2ly =y,
(see Figure . This implies that

[ K@) - Ka-ylde< [ K@ =) = K@ =) do.
R™\Q; lz—y;1>2ly—y;]
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|z — ;]

: /[

/ e,

Yj
7y
/

va

ly— ;|

FIGURE 3.1. Applying Hérmander condition

Then by the Hérmander condition (if we take x — y; instead of z and y —y; instead
of y), we get

/ |K(z—y) — K(z—y;)|de < C.
lz—y;1>2]y—y;]
Hence

/ (Th;) (@) da < C / 1b;(9) dy.
R™\ Q7 Q;

Therefore, we conclude that

o+ 1T0(@)] > A2} < Sz,

So
C
He: Tf(2)] > AH < Ll
which proves that T is of weak type (1,1). O
Since
ITfllL. < ClflLe
and

o+ TS @) > A} < S,

for all f € C2°, it follows from the Marcinkiewicz interpolation theorem that for

1 < p < 2, there exists a constant C' = C(n,p) > 0 such that

ITfllz, < Clflw,
for all f € C°.
Next, suppose that 2 < p < co. For g € C¢°, define

Tg@)Zggﬁ MﬂbsK(x—yM@ﬁw,
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where K*(z) = K(—x). Note that

| @ngde= [ g
for all f,g € C2°. Since K* satisfy Calderén-Zygmund condition, it follows that

1T*9llz,, <Cllglr, for some C = C(n,p) > 0. Hence

[ g

for all f,g € C2°. Hence by duality in L,, we conclude that
ITfllL, <Cllfllz, forall feC®

for some constant C' = C(n,p) > 0.
It remains to show

<Alle 1T7glle,, < Clifllz,llgllz,,

Proposition 3.2. There exists a constant C' > 0 such that
ITfllz. < ClIflLe
forall f € C°.

Proof. Fix 0 < € < N < oo and introduce the following truncated operator

(Tenf)(z) = . K(y)Xe<|yl<n @) f(z —y) dy,

which is well-defined for f € Cg°. For £ € R™, define

1 —iz-
me n(§) = W /Rn € 5Xs<\ac|<NK(~’C) dx.
We will show that there exists C' > 0 independent of € and N such that
(3.1) sup ||me Nz, <C.
e,N

If we prove this, then it follows from the Plancherel theorem that

[Ten fllz, = Imenfliz, < ClifllL, = 1]z,

for all f € C2°. Here the constant C' is independent of € and N. Moreover, it
follows from Proposition [I.2] that

lim T, nf(z)= f(x)

e—0,N—o0

for all f € C2°. Hence by Fatou’s lemma, we conclude that

ITfllL. < Clfl.
for all f e C.

Hence it remains to show that (3.1)) holds. We split the integral in the definition
of m. n into two regions |z| < 37|¢|7! and |z| > 37[¢|~!. The region {¢ < |z| <
3m|€| 71} is relatively easy. Indeed, by using the cancellation condition and

le=®¢ — 1| = \/2(1 — cos ) = |2sin(z/2)| < |z],

we have

/ e K () da
e<|z|<3m|E| L

/ (e7™€ — 1)K (z) dx
e<|z|<3m|E| L
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<C sin((z - €)/2)||K (z)| dx
|z|<3m|g| 1
1
< Cl¢| T dz =C.
lz|<3xle)1 |Z]™
To estimate the second part, we first observe that

} it
e o iR

A change of variable shows that

1(6) :/ K(z)e ™ dr = —/ K (z)e~{@+mE/1E)¢ gg
3mlg| i< |z|<N 3rle|-1<|z|<N

= f/ K <x — 7r§2> e 8 dop.
3rlé|~1 <|o—me/|E|2|<N iy

Write z = % for convenience. Then

1 . 1 .
I(¢) = 3 / K(z)e ™ do — B / K (z—2)e ™% dr.
3r|g| 1t <|z|<N 3rle|—1<|z—z|<N

We carefully estimate this quantity into five terms.

1(€) = J1(§) + J2(8) + () + Ja(§) + J5(8),

where

56 =1 / (K(2) - K(z - 2))e € da

3mwlE| <]z —z|<N

J(e) =1 / K (2)e= ¢ da

3m|e| T <zl <N
le—z|<3m|¢| 7!

Js(6) = 5 / K(z)e ¢ dx
3rle| "< |z <N
|z—z|>N
AGEE: / K(z)e— = da

3rle| Tt <|z—z|<N
|| <3mle| !

1 )
J5(&) = 3 / K(z)e "¢ da.
3nl¢| " t<|z—2|<N
o> N
To estimate Ji (), note that |z| = 7|¢|71. Since 3|z| < | — z|, it follows that
|z| > 2|z|. Hence
1§ <1
by the Hérmander condition. To estimate J2(&), note that 3|z| < |z| and |z — z| <
3|z| imply 3|z| < |z| < 4|z|. Hence
4|z|

(6] < /3 Lar~t

E
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Similarly, we get
[Ja()] S 1.

To estimate J3, we note that

3z| <|z| <N and |x—z >N

implies
2
gNSN—|z|§|x\§N.
Then
N
@< [ s
A
Similarly,

3N
@l [ Lar~,

N
These estimates imply that

(&) <1
uniformly in . This completes the proof of Proposition |3.2 (I

4. MEAN OSCILLATION ESTIMATES

In this section, we give another approach to obtain (1.1) without using singular
integral theory. This approach was proposed by Krylov [6]. For convenience, we
introduce some notation. If A C R™ with 0 < |A| < oo, we define

]{lfdx;l/Afdz

(f)A:]ifde-

Suppose that n > 3 and set f = —Au, where u € C2°. Recall that

and

Dju(a) = Cu(m)Kiy () - 23 f(a)
where

rli%l+ K:”f(x) = T£%1+ Kij (y)f(x + y) dy

and

Let » > 0 and choose a cut-off function ¢ € C¢° such that ¢ = 1 in Bs, and
¢ = 0 outside By,.. Decompose u and f into

g=¢f and h=(1-Q)f
and
v=Ng and w=Nh.
It is easy to see that v and w are infinitely differentiable,

—Av=g and — Aw =h,
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(see Section . Note that g is localized and h removes a singularity near 0 in
the integral representation of w. We first estimate the mean oscillation of D;j;v.
Integration by part shows that

/ |D;jv|* dz < C/ lg)? dz < C/ |fI? da.
R R By,

][ |u — up|?® dr :][ |u|? dz — (up)? < ][ |u|? dz
B B B

for any set B in R™ with 0 < |B| < oo. Moreover, for any xg € B,, Jensen’s
inequality and the above estimate show that

1/2
]L |Dij’U - (DijU)BT| dx § <f ‘Dijv - (Dijv)BT|2 d$>
B, .

T

1/2
S (]L;r Dij1)|2d.13>
sc(f|PMJsmWWﬂmm»
By,

where M is the Hardy-Littlewood maximal function. To estimate the mean oscil-
lation of D;;w, note first that since h = 0 in Bs,., it follows that for x € B,, we
have

Note that

Wo,a; (T) = /yzw Kij(y)h(z +y) dy,

ly|>2r

Note that |z| < rand |y| > 2r imply 2|y| > |x+y| > r. Since [VK;;(y)| < Cly|~"~1,
it follows that

|w$i$j$k (x)\ <C \x + y|7n71|h(1' +y)|dy
ly|>2r
<C [z +y| 7" Hh(z +y)| dy
|z+y|>r
=C || 7" h(2)| dz.
[z|>r

Set
vip) = [ Ihlp)]dofe).

Observe that

2 _ﬁ r n—1 _ n—1
g [, My = 5 [ ) dr = )

Then a change of variable into polar coordinate and integration by part give

‘Apjd4F”MdMZ=CZ%pqh%m4(énIMmﬂmddep

= C/TOO pt <aap /Bp Ih(y)ldy> dp
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= C/TOO p‘”_z/ h(y)Idydp—Cr_"_l/ h(y)| dy

|
B, B,

<c / ﬂf Ih(y)| dydp
r Bp

< CMh(l’o)/ p~?
< Cr' M f(wo) < Cr™ MY(|f%) (wo).
Hence by the mean value theorem, we get

f [Digw ~ (Diyw), | d < Nrsup [9(Dygw)| < CMY2( 1) wo).

r

Therefore, we get the following estimate

f Dy — (Digu)p, | d < CMY2(|f12) (xo),

r

where the constant C' depends only on n. Hence for any zy and B containing x,
we have

(4.1) ][B |Diju — (Diju)p, | dz < CMY2(|f12) (o).

Now we introduce the definition to handle the left-hand side.

Definition 4.1. For a locally integrable function f : R™ — C, we define
fHa) = sup £ 17 = (7)eldy,
B;xeB JB

where the supremum is taken over all ball B containing x.

The following theorem was shown by Fefferman-Stein [2] (see [10, Theorem 2,
Chapter IV]). The proof also involves a delicate Calderon-Zygmund decomposition.

Theorem 4.2. Let 1 < p < co. Then there exists a constant C = C(n,p) > 0 such
that

Iz, < Clf#L,
forall f € Ly.

Now using the Fefferman-Stein theorem, we prove estimate (1.1). By (4.1, we
have

(Diju)*(x) < CM2(|f1?) ().

Hence by the Fefferman-Stein theorem and Hardy-Littlewood maximal function
theorem, for 2 < p < oo, we have

|Dijullr, < Cll(Diju)#||L,
< CIMY2(I )L,
_ 2p1/2
=CIIfEIL,,,

<C|IfPIL2, = Clifl,
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for some constant C = C(n, p) > 0. This proves the estimate (|1.1)) when 2 < p < co.
To prove that the estimate holds for 1 < p < 2, we use a duality argument. Let
u,v € C°. Then by Holder’s inequality and the previous estimate, we have

/ Uy, Av dr = / (Au)vg, o, dz
Rn n

< ||Aul|r, [[Dsjvl|L,,
< CllAu|z,[|Av] L,

Then the desired result follows from the following density result and the duality of
L,.

Lemma 4.3. If1 < p < oo, then AC is dense in Ly.

Proof. Let ¢ > 0 be given and let f € L,. There exists ¢ € Cg° such that
If—¢llr, <e Let K = w%xgl. For § > 0, define Ks(z) = §"K(dz). Note
that

155+ ¢llz, < (1K ll0lle) P (8" @l ) 7.
Letting § — 0, we see that Ks* ¢ — 0in L,. Let I' be the fundamental solution of
—A. If we define ¢5 = T'x (¢ x K5 — @), then note that Ks+I'(z) = I'(z) if |z| > 1/J.
So 95 € C°. Since —Aps = ¢ * K5 — ¢, it follows that

[AYs = fliz, <llé* Ksllz, + [l — fllz, <2e

by choosing sufficiently small § > 0 so that [|¢ * Ks||r, < e. This completes the
proof of Lemma [4.3 O

Note that we proved the Calderén-Zygmund estimate when n > 3. One can easily
show that the Calderén-Zygmund estimate also holds when n = 2 by considering
ug(x1, 22, x3) = u(r1,22)(23/k), where ¢ € C°(R) such that ¢(0) = 1.

Remark. There is another approach to show the Calderén-Zygmund estimate (1.1)
due to Wang [11]. This approach uses a refined Vitali covering lemma and Hardy-
Littlewood maximal function without using Calderén-Zygmund decomposition.

5. FURTHER RESULTS

There are different formulations of Calderén-Zygmund operators. A good ref-
erence on this topic is Stein [I0]. Here we introduce a formulation due to Krylov
[5].

Definition 5.1. Let £ € N and (Q,,;m € Z) be a sequence of partitions of R",
whose elements are bounded Borel subsets. We call (Q,,,m € Z) a filtration of
partitions if
(i) the partitions become finer as m increases:
inf |Q > o0 asm — —o0
and

sup diam|Q| — 0 asm — oo;
QGQ””.

(ii) the partitions are nested: for each m and @ € Q,,, there is a (unique) set
Q' € Q,,—1 such that Q C Q';

(iii) the following regularity property holds: for @ and @’ as in (ii), we have
|Q'| < Co|Q|, where Cj is a constant independent of m, @, and @Q’.
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Example 5.2. Let

Qm ={[104™™, (lo+1)47™) X Qu(i1,--,0n) : G0y91,. .., in € L},
where
Quliy - yin) = [(127™, (i1 + 1)27™) X -+ X [i,27™, (g + 1)27™).
Then (Q,,)mez is a filtration of partitions on R +7.
This filtration of partitions is adapted to second-order parabolic equations.

Definition 5.3. Let (Q,,, m € Z) be a filtration of partitions, and for each z,y €
R™ © # y, let K(x,y) be a bounded operator from F into G. We say that K is a
Calderon-Zygmund kernel relative to (Qy,, m € Z) if

(1) there is a number 1 < pg < oo such that for any « and any r > 0, K(z,-) €
Lpo,loc(Bﬁ(x)a L(Fv G))a

(2) forevery y € R™, the function | K (x,y)—K(z, z)| is measurable as a function
of (z,2) on the set R?" N {(x,2) : x # z,2 # y};

(3) there is a constant Cy > 1 and for each Q € |, Qm, there is a closed set
Q* with the properties Q' C Q*, |Q*| < Cp|Q|, and

/ |K(x,y) — K(z,2)| dx < Cy,
R2\Q*

whenever y, z € Q.

Now we present the main theorem of Krylov [5]. Using this theorem, he obtained
mixed norm estimates of second-order parabolic equations whose leading coefficient
is merely measurable in t.

Theorem 5.4. Let1 < p < oo and A : L,(R™; F) — L,(R™; G) be a bounded linear
operator. Assume that if f € C°(R™; F), then for almost any x outside the support
of f, we have

Af(z)= | K(x,y)f(y)dy,

RTI,
where K(x,y) is a Calderén-Zygmund kernel relative to a filtration of partitions.
Then the operator A is uniquely extendable to a bounded operator from Lq(R"; F)
to Ly(R™; G) for any 1 < ¢ < p, and A is of weak type (1,1) on smooth functions
with compact support.
APPENDIX A. NEWTONIAN POTENTIAL
Let n > 2 and h € C°(R™). Recall the fundamental solution of —A:
1 1 .
D(z) = {n(nzm e itn=3,

— 5 In|z| if n =2,

Theorem A.1. For f € C°(R™), n > 2, the Newtonian potential

@) = [ @) v)dy

is C and —AWNIf]) = f. In particular, N[—Au] = u for all u € C°(R™).
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Proof. Related to our note, we only prove N[—Au] = u for u € C*(R"™) since
proving another assertion is essentially the same. Also, for simplicity, we mainly
focus on the case n > 3. Note that

Vo(z) =— LI

nwy |z|m

For € > 0, integration by part gives

o, BA == [ 9200 Tt
o

Note that

/aBE (y)Vyu(z —y) - (—&) dU(y)‘ < cenl,2 e" |Vl = O(e).

Taking integration by part again, we get

- /RH\BE Vo(y) - Vyu(z —y)dy = — /@BE u(z —y)Ve(y) - (—y) do (y)

+ /Rn\BE AD(y)u(z —y) dy.

Since ® is harmonic in R™ \ B, the second integral on the right-hand side is zero.
Also,
1
Vo(y) (L) =——— ondB.,
lyl ) nwpen?
it follows that

/ B(y)Ayulz —y)dy = —— / w(z — ) do(y).
R"\ B, 9B,

nwypen~1
Since u € Cg°, letting € — 0, we conclude that
N{Au)(x) = —u(a),
which completes the proof. ([
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